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Abstract. We, firstly, improve a tlieorem of B. Roberts wliich characterizes non-vanisliing 
of a global theta lift from 0{X) to Sp(n) in terms of non- vanishing of local theta lifts. In 
pailicular, we will remove all the archimedean conditions imposed upon his theorem. Sec- 
ondly, following Roberts, we will apply our theorem to theta lifting of low rank similitude 
groups. Namely we characterize the non-vanishing condition of a global theta lift from 
GO(4) to GSp(2) in our improved setting. Also we consider non-vanishing conditions of 
a global theta lift from GO (4) to GSp{l) and exphcitly compute the lift when it exists. 



1. Introduction 

Let X be a symmetric bilinear space over a number field of an even dimension m and 
(T an irreducible cuspidal automorphic representation of 0{X, Ap). Assume Va is a space 
of automorphic forms giving rise to a . Then we consider the theta lift Qn{Va-) of to 
Sp(n, Ap) for n — ^. One of the major questions in the theory of theta correspondence 
is to show that the lift Qn{Va) does not vanish. B. Roberts characterizes the global non- 
vanishing of the theta lift in terms of the local counterpart 6'„((T„). To be more precise, in 
[R4], Roberts proves that for < n the theta lift does not vanish if and only if the local 
theta lift of each local component does not vanish under various technical assump- 
tions. In particular he assumes that the signature of 0{X) at each real place is of the form 
(2p, 2q). In this paper, first we will completely remove all the archimedean assumptions 
imposed upon his theorem, although we restrict to the case = n. To be precise, we 
prove 

Theorem 1.1. Let F be any number field, and a = an irreducible cuspidal auto- 
morphic representation of 0{X, Ap) with diiaX = m even. Also let Sf be the finite 
set of finite places v such that either (jy is ramified, v\2, or v is ramified in the quadratic 
extension F{\/d) of F, where d is the discriminant of X. Assume: 

(1) The (incomplete) standard Langlands L-function {s, a) of a does not vanish at 
s e {1, 2, . . . , ^}. (A pole is permitted). 

(2) is tempered for all v £ Sf. 

(3) The local theta lift 9m. [a^) to Sp( Fv) exists for all places v. 
Then the global theta lift ™ (Vcr) to Sp(^, A^) does not vanish. 

Here the temperedness assumption for w|2 is due to the lack of Howe duality principle 
for even residual characteristic, and thus quite crucial. The other two are due to the lack of 
the corresponding result of [R2] for the non-tempered case. In [R4], he assumes that tTu is 
tempered for all non-archimedean places but here we replace the temperedness condition 
by the L-function condition. (This is not an improvement of his theorem, but just another 
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way of stating the theorem, although this makes a sUght difference when we apply it to the 
similitude case.) Also in [R4] he did not assume Wv is tempered for archimedean v, but 
in [R5, p. 301] he himself pointed out that this is a mistake and it must be assumed to be 
tempered. But in this paper, we will show that, after all, 7r„ does not have to be tempered 
for archimedean v. 

Next we apply this theorem, as Roberts did, to theta lifting for groups of similitudes. 
Then we prove the following, which is an improvement of one of the main theorems of 
[R5]. 

Theorem 1.2. Let X be a symmetric bilinear space of dun. X = 4 over F and u an irre- 
ducible cuspidal automorphic representation of GO{X, Ap). Assume that (Ty is tempered 
for all V <E Sf, where Sf is defined in the same way as in Theorem 1.1. Then the global 
theta lift 02 (V^) to GSp(2, A^) does not vanish if and only if the local theta lift02{a'v) to 
GSp(2, Fy) does not vanish for all places v. 

Notice that the group GO{X) is disconnected and written as GO{X) = GSO(X) x: 
{l,t} for some t G GO{X) with = 1 which acts on GSO(X) by conjugation. Each 
irreducible cuspidal automorphic representation a of GO(X, Ap) is "extended from" an 
irreducible cuspidal automorphic representation tt of the identity component GSO(X, Ap) 
in the sense explained in Section 5. Let d be the discriminant of X. Roberts in [R5] has 
shown that for the purpose of similitude theta lifting, we may assume: 

(1) If d = 1, then an irreducible cuspidal automorphic representation tt of GSO(X, A) 
with central character x is identified with an irreducible cuspidal automorphic 
representation n T2 oi (Ap) x D^{Ap), where £> is a quaternion algebra 
over F, and the central characters of n and T2 are both x- In this case, we write 

TT = Tt{ti,T2). 

(2) If 7^ 1, then an irreducible cuspidal automorphic representation r of GSO ( X, A) 
with central character x is identified with an irreducible cuspidal automorphic 
representation t of Bp^ {Ap), where -B is a quaternion algebra over the quadratic 
extension E = F{\/d) of F, and the central character of r is of the form x ° Np. 
In this case, we write tt = 7r(r, x)- 

Note that for ti (g) T2 and r, there are Jacquet-Langlands lifts r^^ $5 and r'"^ to 
GL(2, Ai?) X GL(2, Ap) and GL(2, A^;), respectively. Also for each tt we can consider 
the conjugate tt'^ of tt, whose space K-c of representation is of the form {/ o c : / e V^} 
where / o c{g) = f{tgt). If tt = tt{ti, T2), then tt*^ = tt{t2, ti), and if tt = it{t, x), then 
TT^ — tt{t'^, x) where t'^ is the Galois conjugate of r. We will prove 

Theorem 1.3. Assume that the global theta lift Q2{Va-) to GSp(2, Ap) does not vanish. 
Then 

(1) If d ~ 1 and a is extended from tt = 7r(Ti,r2), then the theta lift Oi(V^) to 
GSp(l, Ap) does not vanish if and only if ti = T2. Moreover, if this is the case, 
Qi{Va) is the space of an irreducible cuspidal representation 11 such that 11^ = 

_JL _ _JL 
~l — ~2 ■ 

(2) If d ^ 1 and a is extended from tt = 7r(T, x), then the theta lift Qi{Va) to 
GSp(l, Ai?) does not vanish if and only if t'^^ is the base change lift of an ir- 
reducible cuspidal automorphic representation to o/GL(2,Ai?) whose central 
character is Xp/fX> where Xe/f '■s the quadratic character for E / F. Moreover, 
if this is the case, Qi{Va) is the space of an irreducible cuspidal representation 11 
such that = tq. 
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In light of those two theorems, one interesting thing to investigate is, of course, when a 
given TT can be extended to a so that 62(1^) ^ 0. For certain cases, it can be shown that 
the answer is "always". Namely, 

Theorem 1.4. 

(1) Assume tt is generic. Then tt can be extended to a so that 62(^7) ^ (without 
any temperedness assumption). 

(2) Assume tt is such that tt'^ ^ tt (hut not necessarily generic). If n satisfies the 
temperedness assumption as in Theorem 1.2, then n can be extended to a so that 

e2(K) 7^ 0. 

We make no claim to the originality for this theorem. The first part easily follows from 
a theorem of Howe and Piatetski-Shapiro [HPS], although they do not explicitly state it in 
this way. The second part follows from Theorem 1 .2 together with a theorem of Roberts in 
[R5], and he states its tempered version by using his notion of "global L-packets". 

Finally, to give arithmetic applications of our lifts, it should be noted that if -F = Q, 
d = 1, and X is anisotropic, the lift from GO(X) to GSp(2) is known as the Yoshida 
lift. (See, say, [BS].) Also if F = Q, d > 0, and X is anisotropic, then our lifting from 
GO(X) to GSp(2) together with the Jacquet-Langlands lift gives a way of constructing a 
holomorphic Siegel modular form from a holomorphic Hilbert moduliir form. 

This paper is organized as follows. We first set up our notations in Section 2. In Section 
3, we give a proof of Theorem 1.1. In Section 4, we discuss basics of both global and local 
theta lifting of groups of similitudes to the extent necessary for our purpose. In Section 5 
we review the classification the groups GSO(X) and GO{X) when dimX = 4 and their 
representations. In Section 6, we will explicitly compute the unramified local theta lift 
from G0(4) to GSp(l). Then finally, in Section 7, we will give the proofs of Theorem 1.2 
and 1.3. In Appendix A, we give the proof of Theorem 1 .4. 

Acknowledgements 

This work is part of the Ph.D thesis of the author. So the author would Uke to thank 
his advisor Ching-Li Chai for helpful advice. The author would also like to thank Brooks 
Roberts for reading the early draft and making various suggestions, and Herve Jacquet and 
Stephen Kudla for answering several questions. Thanks are also due to Aimegret Paul for 
explaining her work [P], and Dipendra Prasad for referring the author to his work with 
R. Schulze-Pillot [PSP]. Indeed, it is his suggestion that Proposition 5.4 might be proven 
based on [PSP]. 

2. Notations and Preliminaries 

In this paper, F is a local or global field of char F = Q. If F is a quadratic extension 
of F, then we denote by Np (or simply by N) the norm map, and by xe/f the quadratic 
character obtained by local or global class field theory. 

We work with smooth representations instead of if-finite ones. Namely if G is a reduc- 
tive group over a global filed F, then by a (cuspidal) automorphic form we mean a smooth 
(cuspidal) automorphic form on G{Kp) in the sense of [Co, Definition 2.3]. 

If TT is a representation of a group, a Harish-Chandra module, or an automorphic repre- 
sentation, then by we mean a space which realizes tt. If tt is a representation of a real 
Lie group then we will denote the space of smooth vectors in by and the space 
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of K -Unite vectors by If tt is an admissible representation of a real Lie group, then 
we denote the underlying Harish-Chandra module by tt^, and thus we have V^h = 
If -F is a local field, we denote by Irr(G(i^)) the collection of equivalence classes of ir- 
reducible smooth admissible representations of G{F). Also we denote by Irr(G(-F), x) 
the collection of equivalence classes of irreducible smooth admissible representations of 
G{F) whose central character is %• For each tt e Irr(G(i^)), we denote the contragredi- 
ent by tt^. If tt is a Harish-Chandra module, we denote by tt*-^^ the Casselman-Wallach 
canonical completion of tt. Thus ^V^cw = 14-. (For the Casselman-Wallach canonical 
completion, see [C].) 

For a finite dimensional vector space X over a global field F, we denote X (^p F^hy 
X[Fy) for each place v and X Ap by X{Ap). For a natural number n, S(X(F„)") 
denotes the space of Schwartz-Bruhat functions. We set S{X{Ap)'^) := ig)'S(X(F„)"), 
where (g)'§(X(F„)"') is the restricted tensor product over aU places with respect to the 
characteristic function of OyXi + ■ ■ ■ + O^Xm for v finite, where Oy is the ring of integers 
of Fy and Xi, . . . , Xm is a fixed basis of X{Fy). 

The group GSp(ri) is the algebraic group of symplectic similitudes of rank n over a 
field F. We realize this group as the group of 2n x 2n matrices given by GSp(n) = {(/ S 
GL(2n) ; '.gJg = v{g)J} with J = ( _ / ), where /„ is the n x n identity matrix, 
and ly : GSp(n) G„i is the multiplier character. Then the kernel of u is denoted by 
Sp(n). When we need to make clear that we are working with F rational points, we write 
Sp(n, F) or GSp(n, F), but when there is no danger of confusion, we simply write Sp(n) 
orGSp(n). 

Let X be an even dimensional symmetric bilinear space defined over a field F of even 
dimension m equipped with a symmetric bilinear form. Then we denote by GO{X) the 
group of symmetric similitudes and by GSO(X) its identity component. If X is defined 
over a local or global field F of char F = 0, then we denote by disc X G F^ /F^ the 
discriminant of X when X is viewed as a quadratic form. We let xx '■ F^ — > {il} be the 
quadratic character of X, namely xx (a) = (a, (— 1) ~ disc X)p for a G F^ , where 
( , )i? is the Hilbert symbol of F. 

We denote the (local or global) Weil representation for 0{X) x Sp(n) by 0Jn,x or 
simply by w when X and n arc clear from the context. 

If F is an archimedean local field, then the Weil representation u>n,x on §(X(F)") 
is a smooth Frechet representation of the group Sp(n) x 0{X) of moderate growth in 
the sense of [C]. We say that a G Irr(0(X)) and 11 G Irr(Sp(n)) correspond, or a 
corresponds to 11 if there is a non-zero homomorphism of Harish-Chandra modules from 
(wn,x)" to (n (g) cr)" = (8) o-H, i.e. Hom((cj„^x)", (H «) a)^) ^ 0, where Hom 
means the set of homomorphisms of Harish-Chandra modules. It is known that the relation 
Hom((wx,n)^, (n(g)(7)^) ^ defines a graph ofbijection between subsets of Irr(Sp(n)) 
and Irr(0(X)) up to infinitesimal equivalence (the Howe duality principle), and in partic- 
ular if a corresponds to H, then such 11 is unique up to infinitesimal equivalence, namely 
is unique, although 11 might not be unique. In this case we write (H^)'^^^^ = 0„((t), 
and we call it the local theta lift of a. 

Next assume F is non-archimedean. We say that a e Irr(0(X)) and 11 G Irr(Sp(n)) 
correspond, or a corresponds to 11 if there is a non-zero Sp(n) x 0{X) homomorphism 
fromLLjn,x ton(g)tT, i.e. Homsp(„)xo(x)('^n,x, n0c7) ^ 0. If the residue characteristic of 
F is odd, it is known that the relation Homgp(„) x o(x) {<^n,x , fl^cr) ^ defines a graph of 
bijection between subsets of Irr(Sp(n)) and Irr(0(X)) (the Howe duality principle), and 
in particular if a corresponds to 11, then such 11 is unique. In this case we write H = 9n{cr) 
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and call it the local theta lift of u. If a does not correspond to any 11 € Irr(Sp(n)), then 
we say that the theta lift of a vanishes and write dnio) = 0. If the residue characteristic of 
F is even, then in general it is not known if the same holds. However, in [R2] Roberts has 
shown, among other things, that if a is tempered and corresponds to 11 e Irr(Sp(n)) for 
n = ^, then IT is unique regardless of the residue characteristic of F. So in this case, we 
denote 11 by 0„(a) even if the residue characteristic of F is even. 

For an irreducible cuspidal automorphic representation a of 0(X, A^), we denote by 
Qn^Ya) the space of theta Hfts of a to Sp(n, A^^-), i.e. the space generated by the forms of 
the form 6'(/, ^) for / e K and G S(X(Af)") which are define by 



JO(X,F)\0(X,Aj.) 

for each g e Sp(n, Aj?), where ^(^f, ft; is the theta kernel defined by ^(5, h\ ^p) = 



In this section, we will give a proof of Theorem 1.1, which is essentially the ingenious 
argument of [R4], which has its origin in [BS]. What needs to be done to improve the 
theorem of Roberts is to prove the following key technical lenuna in our improved setting. 

Lemma 3.1. Let a = ®<Tv satisfy (2) and (3) of Theorem 1.1. Also let Sf be as in Theorem 
1.1 and Sao the set of infinite places. Set S = Sf U S^o- For each k > n = ^ ^^nd for 
V G S, the local zeta integral of the local theta lift 6 i~i<Jv) ofoy to Sp(fc, Fy) can be chosen 
so that it has a pole at s = k — Namely, there exist a matrix coefficient fy of 9k{ay) 
and a standard K-finite xvy'^^'^tion ^y for Sp(fc,F„) such that the local zeta integral 
Z{s— ^,fv,^v) has a pole at s = k — ^. (See [R4] for the notations.) 

Proof. The proof is this lemma is given by Roberts in [R4] under the assumption that F 
is totally real and the signature of X at the real place is of the form {2p, 2q). To remove 
those archimedean conditions, we need to prove various technical lemmas, which we will 
prove in the next subsection. Once those technical lemmas are proven, this leimna can be 
shown simply by tracing the proof given by Roberts. □ 

Once this lemma is obtained, we are ready to prove Theorem 1.1. 

Proof of Theorem 1.1. Apply the above lemma to the proof of the main theorem of [R4, 
p. 146-148]. (For the simplicity of a pole of the zeta integral, use Proposition 1.6 and 1.7 
of [I], which does not assume that F is totally real unlike [KR2].) □ 

3.1. Some technical lemmas on zeta integrals. What forced Roberts to impose the con- 
ditions on the infinite places in his theorem in [R4] is the unavailabiUty of Lemma 3.1 for 
XXy nontrivial and v real, and for v complex. In this subsection, we give proofs of several 
technical lemmas that allow us to prove Lemma 3.1 in full generality for the archimedean 
case. So we assume F = M or C. There are basically two technical ingredients we need. 
The first one is the theory of the zeta integral for symplectic group at the archimedean place 
developed in [KRl]. There, it is assumed that F = R and the character for the zeta integral 
(which corresponds to our XXy) is trivial. The results in [KRl] are used in two places in 
Roberts' argument in crucial ways. (See Lemma 7.5 and Theorem 7.8 of [R41.) So we need 
to extent the results of [KRl] to full generality. Although, as mentioned in [KRl], there is 
no doubt that all the arguments there work for = C, it seems that the extension to the 





3. Theta lifting for isometry groups 



6 



SHUICHIRO TAKEDA 



case with the non- trivial character (i.e. the sign character) is not completely immediate. 
Thus first we prove 

Proposition 3.2. All the results in [KRl] hold even with the presence of the sign character 

Proof. In this proof, all the notations as well as the numberings of propositions, lemmas, 
etc are as in [KRl ] . First as in the trivial character case, the line bundle Egj^p = P\ (G x C) 
(see (3.3.1) of p. 105) where p ■ {g,v) = x(c'(5))k(fl')l''^''^^) is trivialized by the 
nowhere vanishing section g {g, x{a{g))\a{g)\^~^^). So each section ^{g, s) is identi- 
fied with a smooth function on fl via 

<f{g,s) ^ x{a{g))\a{g)\-'-P<^{g,s). 

For each $, let us write $ for the corresponding smooth function in C°°(n), i.e. 

^g,s) = xiaig))\aig)\^+P^g,s). 

Then as in p. 98, the restriction of ^\kg to is left invariant under P fl Kg and so we 
may view ^\kg as a smooth function on O = (P n Kg)\Kg- 

Now we first have to prove Proposition 3.1.1, which characterizes convergence of the 
integral in terms of the order of non- vanishing on the negUgible set. Clearly aU the com- 
putations until Lenrnia 3.1.3 (p.lOl) remain to be true for our case. What needs to be 
modified is the equation (3.1.14) in p. 101. First notice that |$(fc,s)| = |$(fc,s)| for all 
k S Kq. Thus the equation (3.1.14) becomes 

/ / / \^k{a)i{kuk2),s)\n{a)-''-P^5{a)dadkidk2. 

JK JK J A+ 

The equation (3.1.16) must be modified as 

f{u) = ^(I){u)i{ki,k2),s) 

as a function on [0,1]". Then everything else works identically with the trivial character 
case. This proves Proposition 3.1.1 and Corollary 3.1.5. 

Now that both Proposition 3.1.1 and Corollary 3.1.5 have been proven. Theorem 3.2.2. 
in p. 104 can be proven if we prove Proposition 3.2.1. But the proof for Proposition 3.2.1. 
works for our case because of the trivialization of the fine bundle Eg+p. □ 

The second ingredient we need in order to remove the archimedean conditions on the 
result of [R4J and thus to obtain Lemma 3.1 is the description of a i^-finite coefficient of 
the local lift 6'fc(cr) for a £ Irr(0(X, F)) with 0„((t) ^ 0. Roberts uses the description 
of a i-C-finite coefficient of ^fc(cr) in terms of its Langlands data that are ordered in the 
standard way. In particular he uses the fact that, under his assumptions on the signature 
of X, the first entry of the Langlands data of 0k{(7) is the character xx\ ■ I*'"". (See the 
remark preceding Theorem 7.7 as well as Lemma 2.2 of [R4].) 

However the real point is not that the first entry of the Langlands data is xx \ ■ 1*^"" in 
the standard order as in [R4], but that the K-fmite vectors of the representation 6k{(T) are 
reaUzed as the image of the usual intertwining integral on the representation induced from 
a representation of a paraboUc subgroup whose Levi factor is GL(1) x Sp(A: — 1) in which 
GL(1) acts by the character xx \ ■ I''"". Namely, what we need is 

Lemma 3.3. Assume that a is an irreducible admissible representation of 0{X, F) such 
that 9n(a) exists for n = ^ dimX. Then for k > n, 9k{a) is infinitesimally equivalent to 

the Langlands quotient of (i.e. the image of the intertwining integral on) Ind {xx \ ■ 

|'^~"(S)cr2), where P is a (not necessarily the standard choice of) parabolic subgroup whose 
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Levi factor is GL(1) x Sp(/;; — 1), and a2 is a (not necessarily tempered) representation 
ofSp{k - 1). (Of course, xx \ ■ I*""" ^ <J2 is extended from GL(1) x Sp(fc - I) to P by 
letting the unipotent radical act trivially.) 

This can be shown by combining the following two lenunas, the first of which is essen- 
tially due to Paul [P]. 

Lemma 3.4. Assume that a is an irreducible admissible representation ofO{X, F) such 
that On{cr) exists for n = ^ dimX. Then for k > n, Ok{a) is infinitesimally equivalent to 

the Langlands quotient of (i.e. the image of the intertwining integral on) Ind ^p^'^\ (ti (8) 

ki . . .k^ 

■ ■ ■ Tt® t) for some parabolic Pki...kt with ki = 1 and ti = xx\ • 1*^"", where Pki...kt is 
a parabolic subgroup ofSp{k) whose Levi factor is isomorphic to GL(fci) x • • • x Gh{kt) x 
Sp(fc - (fci + • • • + h)). 

Proof. For F = K., this is just (a part of) Theorem 6.2(1) of [P]. The case for i*' = C is 
identical to the proof of [P, Theorem 6.2] by using Induction Principle and computation of 
LKT. (See [A].) □ 

Lemma 3.5. Assume n is an irreducible admissible representation ofSp{k) which is in- 
finitesimally equivalent to the image of the intertwining integral on Ind '^p^''\ (ri (g) • • • (g) 
Tt ® Tt+i), where Pk-i...kt is a parabolic subgroup whose Levi factor is isomorphic to 
GL(fci) X • • • X GL(fct) X Sp(A: — (fci + • • • + kt)). Let (J2 be an irreducible admissi- 
ble representation ofSp{k — ki) which is infinitesimally equivalent to the image of the 
intertwining integral on Ind ^p}^~^^\t2 ® ■■ ■ ® Tt® Tt+i), where Pk2...kt is the obvi- 
ous subgroup of Pki...kf (Here the convergence of this intertwining integral can be easily 
shown.) Then tt is infinitesimally equivalent to the image of the absolutely convergent 
intertwining integral J : Ind ^''''\ai ® 0-2) — > Ind ^^'^\ai (g) 0-2) given by 



J{f)i9)= i f{u9)du, 

JUk, 



lUk-^ 

where Pk^ is the parabolic subgroup whose Levi factor is GL(fci) x Sp(A: — ki) and whose 
unipotent radical Uki is contained in the unipotent radical of Pki...kf (Here we write 

Pk, = 'Pk, andUk, = 'UkJ 

Proof. The proof is straight forward and left to the reader. □ 

Then we can describe a i^-finite coefficient of tt as follows. 

Lemma 3.6. By keeping the notations of the above lemma, let Mk^ be the Levi factor of 
Pki- Also let H : Sp(fc) x Sp(fc) — > C fee a function satisfying the following properties: 

(1) H{uimgi,U2mg2) = H{gi,g2) for m S Uki,U2 eUk^jUie Mk^; 

1/2 

(2) For any gi^g2 € Sp(A:) the function m ^ H{mgx^g2) is a coefficient for a® 6 p ; 

(3) H is C°° and K x K -finite on the right, 

where a = <Ji® a2, 5p^^ is the module ofPk^, and K is the standard maximal compact 
subgroup ofSp{k). Then the function f defined by 

f{g)= I H{hg,h)dh= [_ H{ukg,k)dkdu 

is absolutely convergent and a K -finite coefficient ofir. (Note that by a coefficient ofir, we 
mean a finite C linear combination of matrix coefficients ofw.) 
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This proposition is essentially due to Jacquet, and the GL(fc) version is stated in (5.5) 
of [Jl] without a proof. Since no proof is given there, we will provide a detail proof here 
using Sp(fc) as our group. (The proof also works for the non-archimedean case.) First we 
need the following lemma. (For this lemma, the author would like to thank H. Jacquet, 
who kindly showed a variant of the proof via a private correspondence [J2].) 

Lemma 3.7. Let H be as in Lemma 3.6. Then H is of the form 

H{gu92) = Y.'^fi{9i),fi{92)), 

i 

for some fi € Ind p (cr) and fl G Ind § (c^). both of which are K -finite. 
"^1 fei 

Proof Let us simply write G = Sp(fc), M = Mk„ P = Pki,P ^ Pki, U = Uk^, and 
U = Uki, and also write r = cr (8) (5p ^. Let M be the space of coefficients of t. Then the 
group M X M acts on M by 

(mi,m2) • <p(m) = ip{m^^mmi), for m G M, (mi,m2) G M x M. 

Notice that Vr <S) Vr-J = TVJ as vector spaces via {v,w) ^ fv,w (Here f^^yj is defined 
by fv,w{(j) = (7r(.g)f,w), where (,) is the canonical pairing.) So via this isomorphism, 
M X M acts on Vr Vrv . Moreover it is easy to see that the representation obtained by 
this action of M x M onVr ^ V^v is isomorphic to t|m <S) |m as a smooth admissible 
representation. 

Now define a function F : K x K ^ Aihy 

F{ki,k2){m) = H{mki, fcz) for (A:i, fca) & K x K. 

Then via the isomorphism Vr V^v = M., we have 

^eInd™)^(^n^)(To®To^), 

where tq = tIkhm and = r^lxnM- This can be seen as follows. First notice 
that for all 51,52 G G and m e M, we have H{mgi, g2) = H{m^^mgi,m~^g2) = 
H{gi,m~^g2). Then if we write if(TOfci, A:2) = ^i)' we have, for mi, m2 € 

MnK, 

F{miki,m2k2){m) = -ff(mmifci, 7712^2) 
= H{rn2^mm\k\,k2) 
= '^{T{m2^mmi)vi,Wi) 

i 

= (mi, m2) • F{ki, k2){m), 

and so F{m\k\,m2k2) = (mi,m2) • F{ki, k2). 
Now notice that 

Ind (^nM)x(™)(^o ^T^)= Ind f nM^o Ind f nM^o""- 

Thus we have 

F(fci,fc2)=^/i(fcl)®/i(fc2), 

i 

for some/, e Ind f^J^^roand// e Ind khm'^o- By viewing /i(fci)0//(fc2) S KOV^rV 
as an element in A4 via the isomorphism Vr ^Vt-j = A1, we have 

i^(fci,fc2)(m) = i?(mfci,fc2) = ^(r(m)/i(fci),/;(fc2)). 
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Since H is K x iC-finite on the right, we see that /i's and //'s are iC-finite on the right. 
Now we can extend the domain of fi's and f-'s from K to the all of G by 

fi{uimiki) = T{m\)fi{k\) 

fi{u2m2k2) = T^{m2)fi{k2), 

for ui G U,ui G U and mi,m2 € M. Those are well defined and indeed fi G Ind p(cr) 
and // e Ind p((T^), because r = cr (g) 5p and = ct^ (g) (5-^ , and also they are 
JsT-finite. □ 

Now we are ready to prove Lemma 3.6. 

Proof of Lemma 3.6. Let us simply write G = Sp(fc), Pk^ = P, Uk^ = U, Uki = U, and 
Mki = M. Let us also write rj = Ind p{a) and rj' = Ind ^(cr^), where is extended 
from M to P by letting U act trivially. Let J and J' be the intertwining operators for r] 
and ry', respectively, as defined in Lemma 3.5. Then tt^ = (77/ kcr J)^ and (tt^)^ ^ (77'/ 
ker J')^, where ker J and ker J' are characterized by the property that, for all iiT-finite 
/ e ker J and /' G ker J', 

J{f){g) = l_{f{ug),v) du = for all v G a^, and 
Ju 

J'{f){9) = I {v, f{ug)) du = for all vG a. 

Ju 

Then if we write / and /' for the images in 77/ ker J and r/'/ ker J', respectively, then the 
canonical pairing of tt and tt^ is given by 

(/,/')= / {f{h)J'{h))dh, 
Jm\g 

for /, /' ii'-finite. This can be proven as follows. First of all, clearly the function g 1— !■ 
{f{g),f'{g)) is M-invariant, and so the integral makes sense. Second of all, this integral 
absolutely converges, because 

/ ifih), f'{h)) dh= [_ [_{f{uk),fiuk)) dudk 

Jm\G JP\G Ju 

= f f_{f{uk),f{k))dudk, 
Jk Ju 

where the integral Jjj{f {uk) , f {k)) du converges absolutely by Lenrnia 3.5. And finally, 
the characterizing property of kcr J and ker J' guarantees that the integral is independent 
of the choice of the representatives of / and /'. Therefore a coefficient of tt is a finite C 
linear combination of functions of the form 

9 ^ {H9)f, /') = / {f{hg),f'{h)) dh= [ fjfiukg), f'{k)) dudk, 
Jm\g JkJu 

where f E 1] and /' G rj' are X-finite. 

Now if -ff is a function satisfying all the three properties, then by Lemma 3.7 we have 

H{gi,g2) = Yl^fi{9i)J^{92)) 

i 

for some fi G ry's and // G 7/''s, all of which are iC-finite. Thus the lemma follows. □ 
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Once all those lemmas are proven, Lemma 3.1 for F = R can be proven by exactly the 
same computation as in |R4]. 

Finally to apply Roberts' argument to the F = C case, we need the following. 

Lemma 3.8. Assume F = C The local zeta integral Z{s — 1/2, fi ® 5p , $i) as in 
Proposition 8.7 o/[R4] has a simple pole at k — n for suitably chosen $i. (See [R4]/or 
the notations.) 

Proof. Let 4>i e C^°°(C^) have support in the ball B = B{1, e) c C of radius e < 1 
and center 1, and 4)i{\) = 0. Let $1 be the section obtained from (t>i as in the proof of 
Proposition 8.7 of [R4]. Then the proof is completely analogous to the real case as in [R4, 
p.188]. □ 

This lemma is the complex analogue of Proposition 8.7 of [R4]. The rest of the proof 
of Lennma 3.1 is identical to the real case. 

4. Theta lifting for similitude groups 

In this section, we will first review the theory of both local and global theta lifting for 
groups of similitudes, and then discuss some relations between the two. Main references 
for similitude theta lifting are [R5], and [HST]. 

Following [HST], we extend the Weil representation for Sp(n) x 0{X) to the group 

R = {{g,h) e GSp(n) X GO{X) : v{g)v{h) = 1}. 

(See Section 2 of [HST] for more detail.) We denote this extended WeU representation, 
again, by oJn,x or simply by w. 

First assume F is non-archimedean. For a G Irr(GO(X)) and H € Irr(GSp(n)), we 
say that a and n correspond, or a corresponds to 11 if there is a non-zero R homomorphism 
from LOn.x to n (g) CT, i.e. Homi{(a;„^x, H ® a) ^ Q. Let GSp(n)"'" = {g & GSp(n) : 
v{g) e v{GO{X))}. If the residue characteristic of F is odd, it is known that the relation 
Hom/j(w„_x, n (g) (t) 7^ defines a graph of bijection between subsets of Irr(GSp(n)+) 
and Irr(GO(X)) (the Howe duality principle). (This follows from Theorem 4.4 of [Rl] 
together with the multiplicity one theorem of [AP, Theorem 1.4].) Unlike the isometry 
case, it is still unknown if the group GSp(n)+ can be replaced by GSp(n) even for the odd 
residual characteristic case, although it is known to be true for certain cases. (See Theorem 
1.8 of [R5].) For our purpose, however, the following is enough. 

Lemma 4,1, Let X be a four dimensional quadratic form over a non-archimedean local 
field F of char F — Q. First assume the residual characteristic of F is odd. Then if 
a e Irr(GO(X)) corresponds to 11 e Irr(GSp(2)), then 11 is unique. Next assume the 
residual characteristic is even. Then the same holds as long as a is tempered, and in this 
case n is also tempered. Hence if such 11 exists, we write Qiia) = 11, assuming a is 
tempered if the residual characteristic is even. If no such 11 exists, we write Qiip) = 0. 

Proof. This is just a part of Theorem 1 .8 of in [R5] . □ 

Next assume F is archimedean. Then just as in the non-archimedean case, the extended 
Weil representation ^n,x on S(X(i^)") is defined, which is a smooth Frechet representa- 
tion of the group R of moderate growth in the sense of [C]. In particular (w^)*-'^ = w. 
Then for a G Irr(GO(X)) and 11 G Irr(GSp(r?,)), we say that a and 11 correspond, or cr 
corresponds to 11 if there is a non-zero homomorphism of Harish-Chandra modules from 
(<^Ti,x)^ to ((11 (g) o-)|fl)^, i.e. Hom((a;„_x)^, ((H (g) cr)|i{)^) 7^ 0, where Hom means 
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the set of homomorphisms of Harish-Chandra modules for smooth representations of R. 
Although, just as in the non-archimedean case, the Howe duality for similitude groups is 
not known in full generality, we only need the following for our purposes. 

Lemma 4.2. Let X be a four dimensional quadratic form over F = W or C If a € 
Irr(GO(X)) corresponds toll G Irr(GSp(2)), then Yl is unique up to infinitesimal equiv- 
alence. In this case, we write ^2(0') = (11^)*-'^. If no such U exists, we write ^2(0') = 0. 

Proof. This is again essentially a part of Theorem 1.8 of in [R5]. In [R5], the signature 
of X is assumed to be of the form (p, q) with both p and q even, but this assumption is 
unnecessary. Also if F = C, this is obvious because in this case we have GSp(n)+ = 
GSp(n). □ 

Now let us consider the global case, so assume F is a global field. Just as the isometry 
case, define the theta kernel by 6(g, h; ip) = '}Zxex(F)^ ^i9' f^i" (.9i ^) '= R{^) 

and (fi e §{X{Af)"'). Then for each automorphic representation a of GO{X,Ap) and 
for / e Va, consider the integral e{f; ip){g) = Jo(x,f)\ o(x,Af) ^^^'^ ^)fi^'^^) '^^i' 
where h E GO(X, Ap) is any element such that h'{g)v{h) = 1. For a suitable choice of the 
Haar measure dhi as in [HK], it can be shown that this integral is absolutely convergent. 
Also the invariance property of the measure guarantees that this integral is independent of 
the choice of /i. Now set GSp(n, Af)"*" = {g G GSp(n, Af) : i^{g) e z/(GO(X, A)}. 
Then 6{f; (p) is a function on GSp(n, Af)^ which is left GSp(n, F)^ invariant. We can 
extend this function to an automorphic form on GSp(n, Af) by insisting that it is left 
GSp(n, F) invariant and zero outside GSp(n, F) GSp(n, Af)"*"- We denote this automor- 
phic form also by 6{f; ip), whose central character is x~^Xv where x is the central charac- 
ter of a. Then we denote by 9„ (V^) the space generated by the automorphic forms 6{f;ip) 
for all / G Va and all ip G S(y(AF)"). If Qn(Va) is in the space of non-zero cusp forms, 
then each of the irreducible constituents under right translation provides an irreducible cus- 
pidal automorphic representation of GSp(n, Af). So let us write @niVa) = 0^ where 
each Hi is an irreducible cuspidal automorphic representation of GSp(n, Af). If we write 
cr = (gjfji, and Hi ^ (Xilli.,,, then each cr^ corresponds to Ili,^. 

Remark 4.3. We should mention a certain conventional discrepancy found in the literature. 
In [Rl] and [HK], the extended Weil representation is defined for the group R' = { {g, h) e 
GSp(n) X GO{V) : v{g) = v{h)}. On the other hand in [HST] it is defined for our group 
R. Let us denote the extended Weil representations of R' by u' . By direct computation, it 
can be shown that w' is obtained from w via the isomorphism R' ^ R given by {g,h) 1— > 
{h'{g)~^g,h). Then for the local case if cr G Irr(GO(X)) corresponds to 11 G Irr(GSp(n)) 
via Lv, then tt corresponds to n via w' where n is defined by ll{g) = x{'^{9))~^^{9) for 
X the central character of 11. 

The choice of R seems to be completely conventional, but the reader should be aware 
that it also affects the global theta lift. Indeed if we use R', then for the integral defining 
9{f; ip)ig), we have to choose h to be such that i>{g) = v{h). (Note that the integral in 
p. 389 of [HST] is not quite correct.) Accordingly, the central character of 6{f; if) is XXv' 
which is proved in [HK, Lemma 5.1.9]. 

To consider the non-vanishing problem for our similitude case, we first consider the 
restriction to the isometry case. If / is an automorphic form on GO(X, Af), then clearly 

f\o(x.AF) is an automorphic form on 0{X. Ap). The same thing can be said to automor- 
phic forms on GSp(n, A). If F is a space of automorphic forms on GSp(n, Af), then we 
letl^|sp(„) = {/|sp(n,AF) : / e y}. Then we have 
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Lemma 4.4. Let a be an automorphic representation of GO{X, Ap). Then 

(1) For f e 0„{f\ip)\sp(n,kk) = ^n{f\o(x,kp)\^), where ^„(/|o(x,Af); v) is 
the isometry theta lift o//|o(x Ap)- 

(2) e{V,) ^ if and only r ©(K.')|sp(„) 7^ 0. 

(3) 0(V^) J'n 5pace of cusp forms if and only ifQiya)\sp{n) is. 

Proof. (1). This is obvious. 

(2). Assume 6(K) ^ 0. Then for some / e Va, g G GSp(n,AF), and ip € 
%{X{Kf)^), we have On{f',<f){g) ^ 0. By deiinition of 6'„(/;(p), we may assume 

g e GSp(n,Air)+. Let 51 = 5 (^q Hgr'i^) ^ Sp(n,AF). Then for /i e GO(X,Af) 



= |i^(5)l""^n(/'|o(X,AF);'/'')(.9l), 

where G §{X{Af)") is given by <^'(^) = fi^ ° ^~^) ^^'^ f' = h-f£ Va. (For 
the action of ui{g, h\h), see, for example, p. 261 of [R5] together with Remark 4.3 above.) 
Now 0„(/'|o(x,AF.);<f'') = ^'»(/';</?')lsp(n,AF) € 6(K)|sp(n)- This proves the Only if 
part. The converse is obvious. 

(3). First notice that GSp(n) = Sp(n) x Gm, and if P c Sp(n) is a paraboUc subgroup, 
then P Gm is a parabolic subgroup of GSp(n), and every parabolic subgroup of GSp(n) 
is of this form. Then if Np C P is the unipotent radical of P, then Np is also the unipotent 
radical of P xi G^. Now assume 0(14-)|sp(n) is in the space of cusp forms. Then for each 
/ G 0(Kt) and each Np, we have /^^(^^^ li^h) dn = for all h G Sp(n, Ap). We have 
to show Jj^ . fing) dn = for each g G GSp(n, A^). Let gi G Sp(n, Ap) be as in 



(2), and /' = Cgfig) • /. Then /'|sp(«,A,) € e(K.)|sp(„). So /^^j^^, /'(ngi)dn = 0. 
But /jv^(A^) /'(nc/i) dn = /^^(^f) fi^gig^^g) dn = /^^(^^j /(n^) dn. The converse 



We should also mention the following, whose proof is elementary and left to the reader. 

Lemma 4.5. Let a he an automorphic representation of GO{X, Ap), and ai an irre- 
ducible constituent of {f\o(x, hp) ■ f G Va} as an automorphic representation of 0{X,Ap). 
If we write a = (8)cr„ and ai = <S)cri^, then each aiy is an irreducible constituent of the 
restriction crv\o(x,F„) of Uy to 0{X, Fy). 

5. The groups GSO(X) and G0(X) and their representations 

In this section, we briefly review the classification of the groups GSO(X) and GO(X) 
and their representations when dimX = 4. All the proofs are found in [R5], [HST], or 
citations therein. 



with y{g)u{h) = 1, we have 




is obvious. 



□ 
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5.1. The local case. First consider the case where F is a local field. Then we have 

Lemma 5.1. For the sake of similitude theta correspondence, we may assume 

(1) Ifd= I, then GSO(X) ^ GS0(M2) or GSO(D), where Ma is the space of 
2x2 matrices over F with the quadratic form given by — Act, and D is the 
unique division quaternion algebra over F made into a quadratic form in the 
usual way. Then there is a natural bijection between Irr(GSO(X), x) and the set 
of irreducible admissible representations ti ®T2 o/GL(2) x GL(2) if GS0{X) = 
GS0(M2), or ofD"" x D"" if GSO{X) ^ GSO(L>), such that both n and ra 
have the same central character x- In this case, we write n = 7r(Ti , ra). 

(2) Ifd ^ 1, then GSO(X) = GSO(X£;), where Xe = {x Max2(-B)| '^.x* = x\ 
is the space of Hermitian matrices over E = F{^fd) with the quadratic form 
given by — det. Then there is a natural bijection between Irr(GSO(X),x) and 
Irr(GL(2, E),xo Np). In this case, we write w = 'jt{t, x). 

Let TT e Irr(GSO(X)). We define tt" by taking = y„ and by letting 'K''{g)f = 
TT{tgt)f for all g G GSO(X) and / G V^. Also notice that GO{X) ^ GSO(X) x {l,t}, 
where we choose t to act on X as the matrix transpose if X = Ma or X = Xe and the 
quaternion conjugation if X = D. Then we have 

• If TT ^ TT^, then Ind ogop^)'?'' is irreducible, and we denote it by 7r+. 

• If TT = tt'^, then Ind q^o^jTt is reducible. Indeed, it is the sum of two irreducible 
representations, and we write Ind qsq^)'!' = 7r+ © tt". Here, t acts on tt^ via a 
linear operator 6^ with the property that {9^Y = M ^nd 6^ og = tgto 6^ for aU 
g G GSO(X). 

We can be more explicit about the irreducible components tt"*" and 7r~. First assume 
d = 1. In this case, it is easy to see that, via p, t acts on GL(2) x GL(2) ox y. by 
* ■ (fli) 52) = (52, 51), and if TT = 7r(Ti, ra) is such that tt = tt'^, then n = ra. Then we 
can choose 6^ to be such that 9^{xi ® X2) = .xa ® xi and 9~{xi ® X2) = — xa ® xi for 
xi X2 G Vri0T2- We choose r+ and accordingly. Note that our choice of 7r+ is the 
canonical extension defined in [PSP, p.lO]. 

Next assume d 7^ 1. In this case t acts, via p, on GL(2, E) in such a way that t-g= '^g. 
If TT = 7r(r, x) is such that n = tt'^, then r = r^. Note that r has a unique Whittaker model, 
namely it is realized as a space of functions / : GL{2, E) ^ C such that / (( J 1 )) = 
tpv (tr a)f{g) for all a G i? and g G GL(2, E), where tpy is a fixed additive character of F. 
Then we define 9^ to be the linear operator that acts on this space of Whittaker functions 
by / I— > ±/ o c, and is chosen to be the one that acts as / 1— > / o c. We choose 7r+ and 
7r~ accordingly. 

Remark 5.2. We should note that our choice of tt"*" and tt" is different from that of Roberts 
in [R5], but rather we follow [HST], although, if n is spherical, it turns out that our 7r+ is 
spherical and coincides with the notation of [R5]. Also the reader should notice that in the 
above discussion the fields F and E do not have to be non-archimedean. 

5.2. The global case. Now we consider the global case, and hence in this subsection F is a 
global field of char F = and the groups GSO(X), GO{X), etc denote algebraic groups 
over F. If d 1 and E = F{\/d), then let c be the non-trivial element in Gal{E/F). 
For each quaternion algebra D over F, let Bd,e = D (E) E. Then for each g G Bd.e, we 
define '^g* by linearly extending the operation '^{x a)* = x* ® '^a where ^ is the Galois 
conjugation and * is the quaternion conjugation. Then the space Xd,e = {g & Bd,e ■ 
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'^9* = 9} can be made into a four dimensional quadratic space over F via the reduced 
norm of the quaternion Bd,e- Similarly to the local case, we have 

Lemma 5.3. For the sake of similitude theta correspondence, we may assume 

(1) If d = 1, then GO(X) is isomorphic to GO{D) for some (possibly split) quater- 
nion algebra over F. Then there is a natural bijective correspondence between an 
irreducible cuspidal automorphic representation w of GSO{X, Ap) = GSO(£', Ap) 
whose central character is x cind an irreducible cuspidal automorphic represen- 
tation Ti ® T2 of (Ap) X (Ap) such that both ti and T2 have the central 
character %. In this case, we write n = 7r(Ti, T2). 

(2) If d ^ 1, then there exists a quaternion algebra D over F such that GO{X) = 
GO{Xd^e)- Then there is a natural bijective correspondence between an irre- 
ducible cuspidal automorphic representation tt o/GSO(X, Ap) = GSO{Xd,e, Ap) 
whose central character is x cind an irreducible cuspidal automorphic representa- 
tion T of e{^e) whose central character is of the form x ° Np. In this case, 
we write n = w{t, x)- 

Finally, we consider the relation between irreducible cuspidal automorphic representa- 
tions of the two groups GSO(X, Ap) and GO{X, Ap). First define tt'^ by taking VTr-^ = 
{/ ° c : / e Vt^}, where c : GSO(X, Ap-) GSO{X, Ap) is the isomorphism given 
by conjugation g tgt. Then clearly tt*^ is an irreducible cuspidal automorphic repre- 
sentation of GSO(X, A^). (Note that as an admissible representation, tt'^ is isomorphic to 
the representation tt' with V^' = V^c and the action defined by TT'{g)f ~ Ti{tgt)f, and 
so if we write it = ^Hy, then tt'^ = (XittJ.) By multiplicity one theorem, tt = tt"^ implies 
= T^7r<: and in this case / o c e V-^. Also let a be an irreducible cuspidal automor- 
phic representation of GO(X, Af). Define V° = {/|gso(x,Af) : / S Kr}- Then either 
V° = V-n for some irreducible cuspidal automorphic representation tt of GSO(X, Af) 
such that TT = n^, or V° = V^jr ® Vjr^ for some irreducible cuspidal automorphic represen- 
tation TT of GSO(X, Ap) such that tt 7^ tt^ (See [HST, p.381-382].) Then we have 

Proposition 5.4. Define 7? to be the sum of all the irreducible cuspidal automorphic rep- 
resentations of GO{X^ Ap) lying above ti, i.e. tt = ®i(Ti where ai runs over all the 
irreducible cuspidal automorphic representations of GO{X, Ap) such that V°. = 14- if 
TT = 7r°, or V°. = K- © K-<: otherwise. 
Then 

5 " 

where S runs over all the maps from the set of all places of F to {±} with the property 
that 6(v) — + for almost all places of F, and 6{v) ~ + if iTy ^ tt^, and further if 

TT = tt'^, then Yl^i"") = +• Moreover each CStt^^"'' is (isomorphic to) an irreducible 
cuspidal automorphic representation of GO{X, Ap). 

Proof. When tt is generic, the proof is given in [HST, p. 382-383]. Also one can see that 
the proof there works even if tt is not generic as long as tt satisfies tt ^ tt*^ . So we 
assume that tt is not generic and tt = 7r°. The basic idea of the proof is in [PSP, p.lO- 
11]. Note that our choice of 7r+ is the canonical extension defined in [PSP, p.lO]. Then 
following [PSP], define a linear functional : — * C given by evaluation at 1, i.e. 
e^(/) = /(I). Now notice that we have an isomorphism = V„6 of vector spaces, 
because tt = (g)7r^ and for each place v, = V^h^) . Then via this isomorphism we 
define a linear functional e^s : tt* — > C. Note that there is a natural action of GO{X, Ap) 
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on via g ■ e^s (/) = e^s {g~^ ■ /). Then one can see that is automorphic if and only 
if g- e„s = e^s for all g G GO{X, F). But clearly for all g G GSO(X, F), g ■ e^s = e^s. 
Hence it suffices to show that t ■ e^s = e^s . (Note that that t = (^ytv is coherent in the 
sense of [PSP, Middle of p. 11]. Also note that in [PSP] our tv is denoted by ay.) Then 
it can be easily seen that ty ■ e^s = (5(?;)e^5. Then t = ®vtv acts as multiplication by 
^iv)- Thus e^s is invariant under the action of t if and only if 6{v) = 1. This 
completes the proof. □ 

This proposition tells us that if tt is an irreducible cuspidal automorphic representation 
of GSO(X, Ap) and 5 is a map from the set of all places of F to {±} having the property 
described in the above proposition, then there is an irreducible cuspidal automorphic rep- 
resentation (T = (tt, (5) of GO{X, Ap) lying above tt such that a = (8)7rf We call such a 
map 6 an "extension index" of tt, and (tt, 6) the extension of n with an extension index 6. 



6. Local parameters of unramified theta lifts 

After some preliminaries, we will explicitly compute the local parameters of the unram- 
ified theta lifts from G0(4) to GSp(l)(= GL(2)). 

In this section, the groups GO{X, Fy), GSp(n, F„), etc are all denoted simply by GO(X), 
GSp(n), etc, and we simply write F for Fy. Moreover we assume that v is finite. Also 
"Ind " always means unnormalized induction, and whenever we use normalized induction, 
we use the notation "n-Ind". 

6.1. Preliminaries. For our computation of the local parameters, we need the Jacquet 
module of the Weil representation, which is done in [HST], which, in turn, comes from 
[Kdl]. We will repeat the essential point. For this, let us decompose X as X = Yr®W ® 
Y* , where 1^ is a totally isotropic space and Y* is its complement so that Yr ® Y* is r 
copies of the hyperbohc plane. We denote the standard basis of by {/i, /2, • • • , /r}> 
and write I = dim W so that m = 2r + I. Now let Qr be the parabolic subgroup of 
GO{X) preserving the flag (/i) C (/i, ./2) C • • • C (/i, /2, • • • , fr) so that its Levi 
factor is isomorphic to GO(M^) x GJ^. Let Q be the parabolic subgroup preserving the 
flag (/i, /2, • • • , fr), so that its Levi factor is isomorphic to GO{W) x GL(r). Further 
let Sq = Rn (GSp(n) x Q) be the parabolic subgroup of R whose Levi factor Mq is 
isomorphic to Rn,w x GL(r), where Rn,w is defined in the same way as R, but with 
respect to GSp(n) and GO{W). We denote by Nq its unipotent radical. Also let Sq^ 
be the parabolic subgroup of Mq whose Levi factor Afg,, is isomorphic to Rn.w x G,,,, 
i.e. Sq^ = Mq n (GSp(n) x Qr). We denote by Nq^ its unipotent radical. Now let 
be the standard paraboUc subgroup of GSp(n) whose Levi factor is isomorphic to x 
GSp(n — i). Then we define Sp-^Q^ to be the parabolic subgroup of Mq^ whose Levi 
factor Mp.^Q^ is isomorphic to Gl^ x Rn-i^w x Gl^, i.e. Sp.^Q^ = Mq^ n {P^ x Qr). 
We write a typical element in Mp.^Q^ by (ai , • • • ,ai,{g,h), 0i, . . . , /3r). Notice we have 
the inclusions Sp^^Q^ C Mq^ C Sq^ C Mq. Also we can set Pq = GSp(n) and so 
'S'Po.Qr = ^Po,Qr- = ^Qr- Now the unnormahzed Jacquet module of ujn,x is computed 
as foUows, which is nothing but Lemma 4 of [HST] with the notations adjusted to ours. 

Proposition 6.1. The unnormalized Jacquet module J = J{uJn,x)NQ ofuJn,x with respect 
to Nq has a filtration 



= J(^+^) c J(^) c • • • c J(^) c J(°) = J 



16 



SHUICHIRO TAKEDA 



of MQ-modules, where s = min{n,r}. Let l''^^ = J^*'/J^*+^). Then the unnormalized 
Jacquet module ofl^^^ with respect to Nq^, which is an Mg^-module, is given by 

where CTj^^ given by the representation of Mp. q^ which is of the form 

i 

■ n I^r-i+j{ailj+-il3r-i+jv{g))ujn-i,w{9,h) 

for some characters fir-i+j, where a = ai - ■ ■ ai, (3 = - ■ ■ ^r-i, Dw = disc W and 
{,) is the Hilbert symbol. 

Remark 6.2. In the above notations, if one of n — i and W is zero, is taken 

to be the trivial representation. If n — i is zero, we write a typical element in Mp-^g^ 
by (ai, • • • ,ai, (h), . . . , fir) where h e GO(W^), and we have to replace ^{g) by 
iy{h)^^ in the above formula. If W is zero, we write a typical element in Mp^^q^. by 
(ai, • • • ,ai,{g),(3\, . . . , Pr), where g € GSp(n — z), and g acts as in the above formula. 
If both n — i and W are zero, we have Mp^^q^ = x x and write a typical 
element by (ai, ■ ■ ■ ,ai, (A). /3i, . . . , /?,.) if, for the natural projection l : Mp.,Q^ — > Pi, 
we have //(/.(ai, • • • ,ai, (A), /3i. . . . . /J^)) = A, and we have to replace ^{g) by A. 

Remark 6.3. Although this is a small point, the reader should notice that the choice of the 
parabolic Rp^.q in [HST] is not quite correct and should be replaced by our Sp^^q^. Also 
in [HST] there is a misprint for the index of a inside Ur-i+j. 

The following lemma will be necessary later 
Lemma 6.4. Keeping the above notations, let and 6 be admissible representations of Qr 
and Pi, respectively. Then the natural map Ind 'pfx'q}^'^'^^^\S'^l^) Ind i|n(P xQ ){^'^ 
p) is an injective R-homomorphism. 

Proof. Let F e Ind 'p^'^ql ^ (^5 (g) p) and F its image under the natural map, namely 
F = F\r. Assume F = 0. Then for each {g, h) e GSp(n) x GO(y), let us define 

u = u{g, h) = ({^ ,(,),^/,)jJ e GSp(n), 

where /„ is the n x n identity matrix. Then {u, 1) G Pj x Qr, i^{u) = u{g)v{h), and 
{u~^g, h) e R. So we have 

F{g, h) = F{uu-'^g, h) = {6 i^){u, l)F{u-'^g, h) = {6 p){u, l)F{u-'^g, h) = 0. 

Thus the map is injective. □ 

6.2. Computation of local parameters. We will compute the local parameters of unram- 
ified theta hfts from GO{X) to GSp(l)(= GL(2)). First assume d ^ 1. First notice the 
following. 

Remark 6.5. Assume the extension E/F is unramified. Then it is easy to see that any 

unramified character t] on is Galois invariant and written as t] = x o TV for some 
unramified character xon F^ . Accordingly if r = n-Ind {rj, rj') is unramified, then ri = 
Xi° N and i]' = X2° N for unramified characters Xi and X2 on . 

Then we have 
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) = {fl'/xWi-')fi{a+bVd) = (|-|xi/X2)(/3i)(|-r'/'x2)(A), 



Proposition 6.6. Assume the extension E / F is unramified, and a G Irr(GO(X)) is un- 
ramified, i.e. a = i:^ for some unramified tt ~ tt(t,x)- (So by Remark 6.5 tt = n'^.) If a 
corresponds toU € Irr(GSp(l)) and H is unramified, then t is the base change lift ofH. 
In particular such H is unique. Moreover the central character ofH is xe/fX- 

Proof. Assume a corresponds to unramified 11. Since r is unramified, we can write r = 
n-Ind iv^v') for unramified characters r] and rj' on , or by using unnormalized 

induction, r = Ind ^^'^'^'^\fi fj'), where fj = \ ■ l^J^r] and fj' = \ ■ l^^^'^r]'. (Here note 
that I • |_E ~ I ■ I ° By Remark 6.5, t] = Xi ° ^ and rj' — X2 ° N for unramified 
characters xi and X2 on with X1X2 = X- Then n = 7r(x, t) = Ind g (/x), where 
Q is the parabolic preserving the flag 

and n is defined by 

//3i * * * \ 

a bd * 

6a * 

VO X(3i~^J 

where the matrix representation of each element of GO{X) is with respect to the ordered 
basis 

'0 Vd\ fl 0\ fVd W 0^ 
,0 oj'lvO -Vd) '\{2/d)Vd 0, 

(Here we view fj' as a character on i^^ via F^ ^ E^ . See also p. 279-278 in [R5].) The 
second equality can be seen as follows. First notice that the middle block 

a b d 
b a 

is identified with E^ hy h ^ a + bVd. In particular the Levi factor of Q is isomorphic to 
GO{W) X Gm where W is the quadratic space E equipped with the quadratic form —N. 
Thus A = N{h) and so fi{a + bVd) = (| • \]^\m = (| • \'/\,){N{h)) = (| • \'/^Xi)W- 
Now assume 11 corresponds to a, so there is a non-zero i?-homomorphism wi x — > 
n (g) CT. Notice that there is an injective GO(X)-homomorphism a Ind gso^)''^(~ 
Ind Q° V) • Then by composing with this inj ection, we have a non-zero i?-homomorphism 

oJi^x — > n (g) Ind 
By Lemma 6.4, we have a non-zero ii-homomorphism 

uJi^x Ind fln(GSp(i)xQ)n 

Then if we take the Jacquet module of Wi x with respect to Nq, the Frobenius reciprocity 
together with Proposition 6.1 gives Afg-homomorphisms 

oc J(i) c J(") — ^n®Ai. 

(Here H is actually n|GSp(i)+, where GSp(l)+ = {g G GSp(l) : i^{g) G i^{GO{X))}.) 
It is easy to see that ker ^ (Indeed, if ker D by applying Proposition 6.1, 
we will get a contradiction.) 
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So by restricting to J^^\ Proposition 6.1 together with Mg^ = Mq gives a non-zero 
MQ-homomorphism 

J(i)(= J(i)) = Ind n ® /z. 

By considering the action of the elements of the form (1, (1), /3i) on Ind ^ qO"!,! ^nd 
n /i, we see that 

/^i = x/f)' = I • |xi/X2, 
where /ii is as in Proposition 6.1. 

Assume 11 = Ind p^^'^^^^J for the character 5 on Pi given by 

^(f? J-i'))=5i(ai)^2(A). 



AaJ" 



Then 11 /z = Ind pfxQ^^'^('^ A*)- By Lemma 6.4 i^' gives rise to a non-zero MQ- 
homomorphism 

Ind^«^aM^^Ind^«J^®M), 

which we also call cp'. Let us view ip' as an i?-homomorphismby restricting to the elements 
of the form [{g,h),l), and so we have a non-zero i?-homomorphism 

Ind Ind (5 /x), 

where cri.i and (5 (g) /i are restricted to Ri^w- This lys' can be made into a non-zero GSp(l)- 
homomorphism ip" via the diagram 

Ind g^^aM Ind If^'^" ^ ^ Ind ^W^T;! 



Ind g,,^ (5 ® H) C Ind f^^'^^" {6^n) C . Ind ^^^^ (5^), 

where all the horizontal arrows are injective and the vertical arrows are non-zero intertwin- 
ing operators for the corresponding groups. This diagram is given as follows. First, define 
l: R-f GSp(l)+ by {g, h) ^ g. Also let o^i be the character on Pi{= GSp(l) n Pi) 
defined by 

Aa"^) ^ = \u{h)\\ai\^{ai,-Dw)lJ.{ai'^v{h)-'^), 

where h e GO(VF) is such that v{h) = \~^. This is well-defined. (Also note that 
{ax,—Dw) = (ai, rf) is the quadratic character for the quadratic extension E/F and we 

put {ai,d) = Xe/f{(^i))- This gives us a natural map $ : (Ti_i oxi that respects the 
actions of Ri^w and via l. Then $ can be extended to a non-zero map 

^ ^Ind 

defined by ^F){g) = ^F{{g,h),l)), where h G GO{W) is such that i{g,h) = g. 
This is well-defined, injective, and respects the actions of R and GSp(l)+ via t. We can 
similarly define a non-zero injective map 



Ind ^^^^{5 ® m) ^ Ind %''^'^\5^n). 
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Here <f^(("o' ^al'O) = Si{ai)62{X){\ ■ \~^^^X2){>^^^)- To see the left square of 
the diagram, notice that, in general, if 7 is a character on Pi, there is an injective map 

Ind °f^(^)^ - Ind ^fP^^S givenby F ^ F where ^(5) = 7(( o ) )^((( J ) 5)- 

This map respects the actions of GSp(l)+ and GSp(l) via the inclusion GSp(l)+ ^ 

GSp(l). Since both oi^ and 5 /j, can be viewed as characters on Pi in the obvious way, 
we have the injective maps as in the above diagram. 

Now let us switch to the notation P = ( g 2 ) for the parabolic. Then 



^((^0 dj) = (l-lxi^/^)W(xi/x2)(rf) 

and 

Note that, by twisting by X2/I • \^^^, '-p" gives rise to a non-zero GL(2)-homomorphism 

(X2/I • I'/') ® Ind "^^^^h^) (X2/I • 1^/') ® Ind 
which can be rewritten as 

n-Ind p^^^^(Xb/fX2 O Xi) — ^ n 

Therefore 11 = n-Ind p'"^^^(xb/fX2 ® Xi)> so r is the base change hft of 11 whose 
central character is XB/FX1X2 = Xe/fX- D 

The case = 1 is well known. Namely, 

Proposition 6.7. Assume d = 1 and a G Irr(GO(X)) is unramified, i.e. a = tt^ for 
some unramified tt = 7r(ri,T2) with Ti's unramified representations of Gh(2, F). If a 
corresponds ?o 11 e Irr(GSp(l)), then n = T2 = 11. In particular, such H is unique. 

This proposition is known to be true even for the the ramified case. But it might be a 
good exercise to prove the unramified case in the way we did for the d 7^ 1 case. 

7. Proof of Theorem 1.2 and 1.3 

Now we are ready to prove our main theorems. First we give a proof of Theorem 1.2, 
the major arguments of which are essentially given in [R5]. 

Proof of Theorem 1.2. Let tr be a cuspidal automorphic representation of GO{X,Af) sat- 
isfying the hypotheses of Theorem 1.2. Also let us assume that a is extended from an 
irreducible cuspidal automorphic representation tt of GSO(X, Ap), i.e. a = (tt, (5) for 
some S as discussed at the end of Section 5. Also let txi be an irreducible constituent of the 
space {/Io(x.Af) ■ / ^ ^<y} viewed as an automorphic representation of 0{X, Ap). 

First let us show the if part. So assume a = has the property that <jy has a local 
theta lift to GSp(2, Fy) for all v. Then as discussed in [Rl, Lemma 4.2], ai = (^aiy has 
the property that (Ti„ has a local theta lift to Sp{2, Fy). Also note that 

L^{s,ai) = L^{s,Ti^ X T2^^) ifd=l andn = 7r(ri,T2) 
i'^(s,r'''",x~S Asai) ifd^l andw = 7r(r, x) 

where ■'^ indicated the Jacquet-Langlands lift, (s, rf^ x t2^) is the (incomplete) Rankin- 
Selberg L-function, and L^(s, r^^, x^^, Asai) is the (incomplete) Asai L-function. (See 
Lemma 8.1 of [R5] for the proof.) It is well-known that the Rankin-Selberg L-function 
does not vanish at s = 1,2. The Asai i-function is also non- vanishing at s = 1,2. This 
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can be shown as follows. First, the non-vanishing at s = 1 is given in, say, [Fl], which is 
also discussed in [R5, p. 302]. The non-vanishing at s = 2 follows from absolute conver- 
gence of the Euler product for 3?(s) > 1 + |. The proof for this is elementary. Namely, by 
the exphcit description of the unramified factor of the Euler product of the Asai L-function 
found in, say, |F2, p.200], and the known estimate of the bound of the Langlands parame- 
ters given by [KS], one sees that each unramified Euler factor of the Asai L-function is the 
product of four factors of the form 

(l-a„g-")-i with \ay\<ql/^. 

Then the convergence of this product can be easily proven by using Lemma 2 in p. 1 87 and 
the first paragraph of p. 188 of [M]. Thus by Theorem 1.2 and Lemma 4.4, we see that the 
global theta lift of a to GSp(2, Ap) does not vanish. 

Conversely, assume the global theta Uft 62(1^(7) to GSp(2, Ai?) does not vanish. If 
02(V'cr) is not contained in the space of cusp forms, then by the persistence principle the 
global theta hft 6i(V^) to GSp(l, Ap) is non-zero, and is contained in the space of cusp 
forms. Now let (11, Vn) be an irreducible constituent of the lift 61 (V^). Then each ay and 
correspond under the local theta correspondence for the similitude in the sense defined 
at the beginning of Section 4. Hence by the persistence principle, for each v, 92{<7v) 7^ 0. 
If ©2(^7) is contained in the space of cusp forms, similarly one sees that ^2(0"^) 7^ for 
each V. □ 

Next we prove Theorem L3. For this, we need 

Proposition 7.1. Let E / F be a quadratic extension of global fields, and r an irreducible 
cuspidal automorphic representation of GL{2, Ae) whose central character is x ° 
foraHecke character x on Ap. Then the incomplete Asai L-function L^{s, r, x~^,'^*«0 
has a pole at s = 1 if and only if t is the base change lift of a cuspidal automorphic 
representation Tq o/GL(2, A^) whose central character is Xe /fX- 

Proof. The case where % is trivial is essentially done in P.311 of [Fl]. (Also see [FZ] 
for the archimedean assumption imposed on [Fl].) We can extend his method to the case 
where x is non-trivial by making the following small modifications to [Fl], though we 
restrict to the case G = GL(2). (Indeed, if G ^ GL(2), our argument would not work.) 
So in the following, aU the notations are as in [Fl]. 
First for each ^ e V^, let us define 

/(s,$,<^,x)= / E{g,^,s)(l){g)x-\detg)dg, 

J Z{Kf)G{F)\G(Kf) 

where $ is a Schwartz-Bruhat function on A|, and E[g,<^,s) is the Eisenstein series as 
in [Fl]. (Compare this with the integral in [Fl, p.302].) Then as in [Fl], we see that 
7(s, <&, (j), x) has a pole at s = 1 if and only if $(0) ^ and / ^(s')x~^ (det g)dg ^ 0. 
Next consider the integral 

*(s,$,M/,x)= / W{g)<^{eg)\gYx-\&etg)dg, 

Jn{Af)\G{Af) 

where W is the Whittaker vector as defined in [Fl, p.302]. Then by the same computation 
as in [Fl, p. 303], we have 

J(s,i>,0,x) = *(s,4>,W',x), 

and 

*(s, W, x) = A{s, $s, Ws, Xs)L^{s, r, x"\ Asai). 
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for some function A{s,^s,Ws,Xs) with $(0) ^ 0. (See [Fl, p. 310].) Therefore the 
(incomplete) Asai L-function L'^(s, r, x~^, Asai) has a pole at ,s = 1 if and only if 
'if{s,^,W,x) has a pole at s = 1, i.e. if and only if / (j){g)x~^ {det g)dg ^ 0. The 
rest of the proof is basically the same as [Fl], and is left to the reader. □ 



Now we have 



Proof Theorem 1.3. Assume cr is an irreducible cuspidal automorphic representation of 
GO{X,Ap) with the global theta lift @2{Vcr) non- vanishing. (We write a = {it, 6) as 
in Section 5.) Also let cti be as in the proof of Theorem 1.2. Then by Lemma 4.4 the 
global theta lift 62(^^1) to Sp(2, Ai;') does not vanish. Now assume 6i(Kti) = so 
that 02(Kti) provides an irreducible cuspidal automorphic representation of Sp(2, A^), 
which we denote by 11. Then by functoriality of the unramified theta correspondence, we 
have L^{Il, s, xx) = Cpi^)^^ i'^^' well known that Cp{s) has a simple pole at 

s = 1. So if L^{ai,s) has a simple pole at s = 1, then L^{I1, s, xx) would have a double 
pole, which contradicts to the fact that the poles of the standard (incomplete) Langlands 
X-function of Sp(n) are at most simple. (See Remark after Proposition 1.7 of [I], and also 
Theorem 7.2.5 of LKR2].) Therefore if 61 (Ki ) = 0, then L^{ai , s) can not have a pole 
at s = 1. Hence if d = 1 and so tt = 7r(Ti, r2), then i"'' (s, rj"" x Tj'" ) has a pole at s = 1 
i.e. Ti = T2. Also if d 7^ 1 and so tt = 7r(r, x), then L"^(s, t"''^, x^^, Asai) has a pole 
at s = 1, and thus by Proposition 7.1 we see that r^^ is the base change lift of a cuspidal 
automorphic representation tq of GL(2, Ap) whose central character is xe/fX- 

Conversely, assume &i{Va) ^ 0, and so it gives rise to a cuspidal automorphic repre- 
sentation n of GL(2, Ap). First assume d = 1 and so tt = 7r(Ti, T2). Then note that for 
almost all v, we have ny = 7r(Ti„,r2„) where ti„ and T2„ are spherical representations 
of GL(2, Fy). Then by Proposition 6.7 we have ti„ = r2„. So by strong multiplicity one 
theorem, n = T2. Also in this case we know that (n„)^ = ti„ = T2„ for almost all v. 
Thus we have 11^ — ti — T2. Moreover since 81 (Kr) is closed under the right action 
of GL(2, Air), multipUcity one theorem gives us 61 (Kr) = Vn = K-^ = K-^- We can 
similarly prove the d ^ 1 case by using strong multiplicity one and Proposition 6.7 and 
6.6. This completes the proof. □ 



7.1. A remark for the d ^ 1 case. Our theorem for the d ^ 1 case reveals the following 
interesting phenomenon. Let t be an irreducible cuspidal automorphic representation of 
GL(2, A^;) that is the base change lift of an irreducible cuspidal automorphic representa- 
tion To of GL(2, Air). (Note that such tq is unique.) Assume the central character of tq is 
X, and so the central character of r is x o Np. Then we can identify t with an irreducible 
cuspidal automorphic representation n = 7r(T, x) of GSO(X, Ap) whose central character 
is X- Since r is generic, tt can be always extended to an irreducible cuspidal automorphic 
representation a = (tt.S) of GO{X, Ap) such that Q2{Va) 7^ 0. (See Appendix A.) In 
this case by Theorem 1.3 we have &i{Va) = 0. Thus 62(^7) is cuspidal. 

However since x°^ = Xe /fX°^F' we can also identify r with an irreducible cuspidal 
automorphic representation tt' = 7r'(r, Xe/fX) of GSO(X, Ap) whose central character 
is Xe/fX- Again we can extend tt' to a' = {tt', 6') such that 02(V<t') ^ 0. Then this time, 
by Theorem 1 .3 we have ©1 {Va' ) = V^-v ^ 0, and ©2 {Va' ) is non-zero but non-cuspidal. 
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This observation can be summarized as follows. 



change 
To r : 



theta 

TT = 7I"(X, t) > U = (tT, 6) — 



theta 

tt' = t^'{xe/fX, t) ^ a' = (tt', 5') 



1 62(^)^0 

■\ei(K) = o 

' 62(^0 ^ 



(Of course this diagram makes sense only with the assumption that r is cuspidal. It is 
known that r is cuspidal if and only if tq is the automorphic induction of a Hecke character 
ofE.) 

Appendix A. Proof of Theorem 1 .4 

In this appendix, we will prove Theorem 1.4. Let us start with the following theorem 
due to [HPS]. 

Proposition A.l. Assume a is a generic irreducible cuspidal automorphic representation 
ofO{X,AF) or GO(X,Af). Also let T = 0{X)/SO{X) ^ GO(X)/ GSO(X). Then 
there is a unitary character fjb of T{F)\T {hp) such that the space n^V^ = {fif : / e V^} 
has a non-zero theta lift 62 (m ® Va) to Sp(2, Ai?) or GSp(2, Kp), respectively. 

Proof. The isometry case is essentially Theorem 8.1 of [HPS], which follows from The- 
orem 5.7 of the same paper. However, we should mention that in [HPS] they state that 
\x is on T{Ap), but from the proof of Theorem 5.7 it is easy to see that n is actually on 
T{F)\T{A). Indeed if /i is not trivial on T{F), fi f can not be automorphic. The similitude 
case follows immediate from the isometry case and Lemma 4.4. □ 

We should also mention the following, which is due to Roberts [R3, R5]. 

Proposition A.l. Let iTy be an irreducible admissible representation of GSO{X,Fy). 
Then at least one of and it~ has non-zero theta lift to GSp(2, i^^). Moreover, if Wy 
is spherical, then 7r+ always has non-zero theta lift. 

Proof. The first part is one of the main theorems of [R3]. (Note that the proof works even 
if w|oo.) The second part is proven in [R5, Proposition 4.3]. □ 

Finally we can prove Theorem 1 .4 

Proof of Theorem 1.4. (1). First consider any extension a = (tt, 5) of tt. Then by Proposi- 
tion A.l, there exists a unitary character so that ji^Va has non-zero theta hft. Now for 
each / € clearly /|gso(x,Af) = (/^/)|gso(x,Af). which means that V;,° = 
i.e. both Va and /z (8) 14 lie above Hence there is an extension index 5' of tt so that 
jJL'^Va = Va' for cr' — (tt, 6'), which we re-choose to be cr. 

(2). This immediately follows from Proposition 5.4, Theorem 1.2, and Proposition 
A.2. □ 
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